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Abstract We study cosmological models involving a sin-
gle real scalar field that has an equation of state parameter
which evolves with cosmic time. We highlight some com-
mon parametrizations for the equation of state as a function
of redshift in the context of twinlike theories. The procedure
is used to introduce different models that have the same ac-
celeration parameter, with the very same energy densities
and pressure in flat spacetime.
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1 Introduction
Cosmological observations of Type Ia Supernovae and Cos-
mic Microwave Background suggest that the Universe had
started to accelerate its expansion at the present epoch [1–
6]. The standard explanation refers to an exotic component
which has positive energy density and negative pressure,
known as “dark energy” (DE). A variety of theoretical mod-
els has been proposed to explain this acceleration. The most
natural and simplest model for DE is the ΛCDM model,
containing a mixture of cosmological constant Λ and cold
dark matter (CDM), for which the equation of state parame-
ter is ω = −1 [7–9]. However, this model suffers from two
major problems, namely, fine-tuning and cosmological co-
incidence problems [9–11].
In order to solve these problems, alternative DE models
have been proposed, where the equation of state parameter
evolves with cosmic time, mainly the canonical scalar field
DE models [7, 12–14] - see also [15, 16] (for a historical
review), which study the cosmological evolution with min-
imally coupled scalar fields. Another possibility is to con-
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sider non-canonical scalar field models, which has shown
increasing interest [17–22]. We pay special attention on the
tachyonic fields, which emerged in the context of string the-
ories [23–26], and have been intensively studied in cosmol-
ogy [18, 27–30]. It is possible to have accelerated expansion
of the universe during the late times for both choices, and
we have searched for situations in which correspondences
can be established from a modified potential function.
The correspondence above referred has already been in-
vestigated for defect structures, describing different scalar
field theories with very similar properties [31–38]. The same
idea was applied in the context of Friedmann-Robertson-
Walker (FRW) cosmology [39], in a previous paper. In the
present work, we extend this view and consider some pop-
ular DE parametrizations for canonical and tachyonic scalar
field models. We find that the two models present the very
same acceleration parameter, with the same energy density,
and we name them twinlike models.
The canonical potential and the tachyonic potential are
distinct, but they lead to the same cosmological evolution.
Our motivation for studying these twinlike models is as fol-
lows: the medium with negative pressure capable of acceler-
ating the expansion of the universe has two possible sources
- a minimally coupled scalar field (canonical) or a non-minimally
coupled scalar field (tachyonic).
The basic concepts are presented in Sec. 2. In Sec. 3 we
investigated the twin nature of the standard and tachyonic
models. In Sec. 4 we present some illustrations. The paper
ends with a summary in Sec. 5.
2 Einstein equations
In order to investigate this proposal, we present some ba-
sic theoretical considerations. The action for a universe with
spacetime curvature R, filled with a scalar field φ and con-
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2taining matter, is given by
S=
∫
d4x
√−g
[
−1
4
R+L (φ ,X)
]
+Sm (1)
where we have made 4piG = c = 1, X = 12∂
µφ∂µφ , and Sm
is the action of the matter.
The metric representing a homogeneous, isotropic and
spatially flat universe is the FRW metric
ds2 = dt2−a2(t)(dr2 + r2dθ 2 + r2 sin2 θ dφ 2) (2)
where a(t) is the scale factor of the universe, r is the ra-
dial coordinate and dΩ 2 = dθ 2 + sin2 θ dφ 2 describes the
angular portion of the metric. In this scenario, the Einstein
equations are
H2 =
2
3
(ρφ +ρm) (3)
H˙ =−(ρφ + pφ +ρm) (4)
where ρφ and pφ are respectively energy density and pres-
sure of the scalar field φ , ρm represents the energy density
of the matter component of the universe, H = a˙/a denotes
Hubble parameter, and an overdot indicates differentiation
with respect to time t.
The conservation of the scalar field and matter is repre-
sented respectively by the equations of continuity
ρ˙φ +3H(ρφ + pφ ) = 0 (5)
ρ˙m+3Hρm = 0 (6)
and the cosmic acceleration parameter is given by
q=
a¨a
a˙2
= 1+
H˙
H2
(7)
Rewriting the equations in terms of redshift z=
a0
a
−1,
from (5) and (6), we obtain
ρφ (z) = ρφ0 exp
(
3
∫ z
0
1+ωφ (z′)
1+ z′
dz′
)
(8)
ρm(z) = ρm0(1+ z)3 (9)
where ωφ = pφ/ρφ is the dark energy EoS parameter and
the subscript 0 indicates the present epoch. The Friedmann
equations then take the form
H2 = H20
[
Ωm0(1+ z)3 +
+ Ωφ0 exp
(
3
∫ z
0
1+ωφ (z′)
1+ z′
dz′
)]
(10)
H˙ = −3
2
H20
[
Ωm0(1+ z)3 +
+ Ωφ0
(
1+ωφ (z)
)
exp
(
3
∫ z
0
1+ωφ (z′)
1+ z′
dz′
)]
(11)
where Ωm0 =
2ρm0
3H20
and Ωφ0 =
2ρφ0
3H20
= 1−Ωm0 are the den-
sity parameters of the matter and scalar field, respectively, at
the present epoch. The acceleration parameter is also rewrit-
ten as
q= 1− (1+ z)d lnH(z)
dz
(12)
3 The twinlike models
3.1 Standard case
If the scalar field (dark energy) is described by the standard
dynamics, we have
L = X−V (φ) (13)
where V (φ) is the potential of the scalar field. In this case,
energy density and pressure are given by
ρφ =
1
2
φ˙ 2 +V (φ) (14)
pφ =
1
2
φ˙ 2−V (φ) (15)
and the scalar field evolves as follows
φ¨ +3Hφ˙ +V,φ = 0 (16)
From (14) and (15), we express the potential,
V (z) =
1
2
[
1−ωφ (z)
]
ρφ (z) (17)
and we write an equation for the scalar field,
φ,z =
√[
1+ωφ (z)
]
ρφ (z)
(1+ z)H
(18)
both in terms of redshift z.
33.2 Tachyonic modified case
Let us now consider the scalar field described by tachyonic
dynamics. We change the model as follows
L =−U(φ)√1−2X+ f (φ) (19)
where U(φ) and f (φ) are functions to be determined. En-
ergy density and pressure are now given by
ρφ =
U√
1− φ˙ 2
− f (20)
pφ =−U
√
1− φ˙ 2 + f (21)
and the scalar field obeys
φ¨ +
(
1− φ˙ 2)(3Hφ˙ +U,φ
U
)
− (1− φ˙ 2)3/2 f,φ
U
= 0 (22)
From (20) and (21), in terms of redshift z, we obtain
U(z) =
√[
ρφ (z)+ f
][
f −ρφ (z)ωφ (z)
]
(23)
and
φ,z =
1
(1+ z)H
√[
1+ωφ (z)
]
ρφ (z)
f +ρφ (z)
(24)
3.3 The twin nature
In order to get to twinlike models, we need to make the ap-
propriate choice for f (z). In this case we consider
f (z) = 1−ρφ (z) (25)
So, the modified potential takes the form
U =
√
1− [1+ωφ (z)]ρφ (z) (26)
In both cases (standard and modified), we have the same
energy density, given by (8), and the same pressure. The
scalar field is also the same in both cases, being
φ(z) = φ0 +
∫
z
0
√[
1+ωφ (z′)
]
ρφ (z′)
(1+ z′)H(z′)
dz′ (27)
The acceleration parameter also has the same form, given by
(12), and the Friedmann equations have the same evolution
in both cases. The models are twin.
However, twin models can be further differentiated! The
fingerprint signature is defined by the effective speed of sound,
entering a general rule for the evolution of small perturba-
tions [40]. We can obtain:
c2s =
pφ ,X
ρφ ,X
=
L,X
L,X +2L,XXX
(28)
Disregarding the trivial solution f (φ)=U(φ)
√
1−2X , when
L = 0, the speed of sound can evolve differently for the
chosen model, and we can admit the solution c2s < 1, which
leads to the growth of inhomogeneities in the present cos-
mic acceleration - see [41, 42] for a further discussion. In
this sense, the growth of inhomogeneities can occur differ-
ently for twin models, but with no change in evolution of
the density, or acceleration parameter, of the Universe as a
whole. Explicitly, twin models describe the same cosmic ex-
pansion, being able to measure local changes in the growth
of inhomogeneities.
In the next section we present how to build twinlike mod-
els for dark energy models. It is important to emphasize that
the results presented are valid for the current acceleration
regime. In the context of the primordial universe, it is also
possible to obtain twinlike models, see [43], where the slow-
roll inflation, evolving under different potentials, lead to a
very similar inflationary phase.
4 Illustrations
4.1 Cosmological constant
As a first example we take ωφ (z) = ω0, a cosmological con-
stant, in the limit −1 < ω0 < −13 . In this situation, the en-
ergy density of scalar field is written as
ρφ (z) =
3
2
H20 (1−Ωm0)(1+ z)3(1+ω0) (29)
So the potentials of standard and modified cases are, respec-
tively,
V (z) =
3
4
H20 (1−Ωm0)(1−ω0)(1+ z)3(1+ω0) (30)
U(z) =
1
2
√
4−6H20 (1−Ωm0)(1+ω0)(1+ z)3(1+ω0) (31)
The evolution of the Hubble parameter with the redshift is
given by the Friedmann equation
H2(z) = H20
[
Ωm0(1+ z)3 +(1−Ωm0)(1+ z)3(1+ω0)
]
(32)
And the acceleration parameter is
q(z) =−1
2
− 3
2
[
ω0
1+α(1+ z)−3ω0
]
(33)
where α =Ωm0/(1−Ωm0).
The density parameters of the matter and scalar field are
respectively
Ωm(z) =
1
1+ 1α (1+ z)
3ω0
(34)
4Ωφ (z) =
1
1+α(1+ z)−3ω0
(35)
With the help of Eq. (29), we can solve Eq. (27) for the scalar
field analytically. The result is
φ(z) = φ0 +
√
6(1+ω0)
3ω0
[
tanh−1
(√
1+α(1+ z)−3ω0
)
−
− tanh−1
(√
1+α
)]
(36)
Figure 1(a) shows the plot of φ(z). Equations (30) and
(31) express V and U as functions of z. It is very difficult
to work with these potentials in terms of φ . Figure 1(b)
shows the plot of V (φ) and U(φ) from numerical results.
The V and U curves are clearly distinct, but the twin nature
is shown in the graph of the acceleration parameter q, which
is the same for both models. The plot of q(z) in Figure 1(c)
shows the transition from a decelerating to an accelerating
regime as z decreases. The evolutions of Ωφ and Ωm are
showns in Figure 1(d). Note that Ωφ starts dominating over
Ωm at around z∼ 0.4.
4.2 Linear parametrization
As a second example we now consider ωφ (z) = ω0 +ω1z
[44, 45]. In this case, the energy density of scalar field takes
the form
ρφ (z) =
3
2
H20 (1−Ωm0)(1+ z)3(1+ω0−ω1) exp(3ω1z) (37)
So the potentials of standard and modified cases are, respec-
tively,
V (z) =
3
4
H20 (1−Ωm0)
(
1−ω0−
− ω1z
)
(1+ z)3(1+ω0−ω1) exp(3ω1z) (38)
U(z) =
1
2
[
4−6H20 (1−Ωm0)
(
1+ω0 +
+ ω1z
)
(1+ z)3(1+ω0−ω1) exp(3ω1z)
]1/2
(39)
The Friedmann equation is given by
H2(z) = H20
[
Ωm0(1+ z)3 +
+ (1−Ωm0)(1+ z)3(1+ω0−ω1) exp(3ω1z)
]
(40)
The acceleration parameter is
q(z) =−1
2
− 3
2
[
ω0 +ω1z
1+α(1+ z)−3(ω0−ω1) exp(−3ω1z)
]
(41)
The density parameters of the matter and scalar field are,
respectively,
Ωm(z) =
1
1+ 1α (1+ z)
3(ω0−ω1) exp(3ω1z)
(42)
Ωφ (z) =
1
1+α(1+ z)−3(ω0−ω1) exp(−3ω1z)
(43)
Figure 2 shows the plots of (a) φ(z), (b) V (φ) and U(φ)
from numerical results. The plot of q(z) in Figure 2(c) shows
also the transition from a decelerating to an accelerating
regime as z decreases. The evolutions of Ωφ and Ωm are
shown in Figure 2(d), and Ωφ starts dominating over Ωm at
around z∼ 0.4.
4.3 Chevallier-Polarski-Linder (CPL) parametrization
The CPL parametrization [46–49] is characterized by
ωφ (z) = ω0 +ω1
(
z
1+ z
)
(44)
The energy density of scalar field is
ρφ (z) =
3
2
H20 (1−Ωm0)(1+ z)3(1+ω0+ω1) exp
(
−3ω1z
1+ z
)
(45)
The potentials of standard and modified cases are, respec-
tively,
V (z) =
3
4
H20 (1−Ωm0)
(
1−ω0−
− ω1z
1+ z
)
(1+ z)3(1+ω0+ω1) exp
(
−3ω1z
1+ z
)
(46)
U(z) =
1
2
[
4−6H20 (1−Ωm0)
(
1+ω0 +
+
ω1z
1+ z
)
(1+ z)3(1+ω0+ω1) exp
(
−3ω1z
1+ z
)]1/2
(47)
The Friedmann equation is
H2(z) = H20
[
Ωm0(1+ z)3 +
+ (1−Ωm0)(1+ z)3(1+ω0+ω1) exp
(
−3ω1z
1+ z
)]
(48)
The acceleration parameter is given by
q(z) =−1
2
− 3
2
 ω0 +ω1 ( z1+z)
1+α(1+ z)−3(ω0+ω1) exp
(
3ω1z
1+z
)
 (49)
The density parameters of the matter and scalar field are,
respectively,
Ωm(z) =
1
1+ 1α (1+ z)
3(ω0+ω1) exp
(
− 3ω1z1+z
) (50)
Ωφ (z) =
1
1+α(1+ z)−3(ω0+ω1) exp
(
3ω1z
1+z
) (51)
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Fig. 1 (a) Plot of φ as a function of z. (b) Plot ofV (solid curve) andU (dashed curve) as a function of φ . (c) Plot of q as a function of z. (d) Plot of
Ωφ (solid curve) and Ωm (dashed curve) as a function of z. This is for cosmological constant, with φ0 = 0, H0 = 1, ω0 =−0.95 and Ωm0 = 0.27.
(a) (b) (c) (d)
Fig. 2 (a) Plot of φ as a function of z. (b) Plot of V (solid curve) and U (dashed curve) as a function of φ . (c) Plot of q as a function of z. (d)
Plot of Ωφ (solid curve) and Ωm (dashed curve) as a function of z. This is for linear parametrization, with φ0 = 0, H0 = 1, ω0 =−1, ω1 = 0.1 and
Ωm0 = 0.27.
Figure 3 shows the plots of (a) φ(z), (b)V (φ) andU(φ),
(c) q(z), (d)Ωm andΩφ . Once again, the distinction between
the models is evidenced in the graphs of V and U , as well
as the twin nature of these models requires that the curve of
the acceleration parameter q be the same for both cases.
4.4 Barboza-Alcaniz (BA) parametrization
The last example is the BA parametrization, proposed by
Barboza and Alcaniz [50–52], which is represented by
ωφ (z) = ω0 +ω1
z(1+ z)
1+ z2
(52)
In this case, the energy density of scalar field is
ρφ (z) =
3
2
H20 (1−Ωm0)(1+ z)3(1+ω0)
(
1+ z2
) 3ω1
2 (53)
The potentials of standard and modified cases are, respec-
tively,
V (z) =
3
4
H20 (1−Ωm0)
(
1−ω0−
− ω1 z(1+ z)1+ z2
)
(1+ z)3(1+ω0)
(
1+ z2
) 3ω1
2 (54)
U(z) =
1
2
[
4−6H20 (1−Ωm0)
(
1+ω0 +
+ ω1
z(1+ z)
1+ z2
)
(1+ z)3(1+ω0)
(
1+ z2
) 3ω1
2
]1/2
(55)
The Hubble parameter evolves as follows
H2(z) = H20
[
Ωm0(1+ z)3 +
+ (1−Ωm0)(1+ z)3(1+ω0)
(
1+ z2
) 3ω1
2
]
(56)
The acceleration parameter is then
q(z) =−1
2
− 3
2
 ω0 +ω1 z(1+z)1+z2
1+α(1+ z)−3ω0 (1+ z2)−
3ω1
2
 (57)
The density parameters of the matter and scalar field are,
respectively,
Ωm(z) =
1
1+ 1α (1+ z)
3ω0 (1+ z2)
3ω1
2
(58)
Ωφ (z) =
1
1+α(1+ z)−3ω0 (1+ z2)−
3ω1
2
(59)
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Fig. 3 (a) Plot of φ as a function of z. (b) Plot of V (solid curve) and U (dashed curve) as a function of φ . (c) Plot of q as a function of z. (d)
Plot of Ωφ (solid curve) and Ωm (dashed curve) as a function of z. This is for CPL parametrization, with φ0 = 0, H0 = 1, ω0 =−1, ω1 = 0.1 and
Ωm0 = 0.27.
Figure 4 shows the plots of (a) φ(z), (b)V (φ) andU(φ),
(c) q(z), (d) Ωm and Ωφ . Discussion similar to previous ones
can be performed around these graphs. The transition be-
tween Ωm and Ωφ occurs again around z∼ 0.4.
5 Summary and conclusions
In this work we studied the presence of twinlike models in
FRW cosmology driven by a single real scalar field, in flat
spacetime, from the study of some common parametriza-
tions for the equation of state parameter ω(z). We showed
that, regardless of the choice of ω(z), it is always possible
to have models driven by standard and tachyonic dynamics
with the same acceleration parameter, the same energy den-
sity and the same pressure.
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